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^' 

Abstract. The differential-geometric and topological structure of Delsarte 
1/^ ' transmutation operators and associated with them Gelfand-Levitan-Marchenko 

^NJ ' type eqautions are studied making use of the De Rham-Hodge-Skrypnik differ- 

ential complex. The relationships with spectral theory and special Berezan- 
sky type congruence properties of Delsarte transmuted operators are stated. 
^ ' Some applications to multidimensional differential operators are done includ- 

^^ ' ing three-dimensional Laplace operator, two-dimensional classical Dirac op- 

Vp , erator and its multidimensional affine extension, related with self-dual Yang- 

C D 1 Mills eqautions. The soliton like solutions to the related set of nonlinear 

^P ' dynamical systemare discussed. 

o 
o 

Mh| 1. De Rham-Hodge-Skrypnik theory aspects and related 

(— I . DELSARTE-DARBOUX TYPE BINARY TRANSFORMATIONS 

C^ ' 1.1 A difFcrential-geometric analysis of Delsarte-Darboux type transformations 

that was done in Chapter 3 of Part 1 for differential operator expressions acting 
in a functional space Ti = Li{T;H), where T = M^ and H := L2(M^; C^), appears 
to have a deep relationship with classical de Rham-Hodge-Skrypnik theory [3, 4, 
5, 6] devised in the midst of the past century for a set of commuting differential 



X 



JH , operators defined, in general on a smooth compact m-dimensional metric space A/. 

Concerning our problem of describing the spectral structure of Delsarte-Darboux 
type transmutaions acting in Ti., we preliminarily consider following Part 1 some 
backgrounds of the de-Rham-Hodge-Skrypnik differential complex theory devised 
for studying transformations of differential operators. Consider a smooth metric 
space A/ being a suitably compactified form of the space M™, m G Z_|_. Then 
one can define on ATt := T x M the standard Grassmann algebra A{Mt;'H) of 
differential forms on Tx A/ and consider a generalized external LV. Skrypnik [3, 4] 
anti-differentiation operator dc ■ A{AIt;'H) -^ A(A/t;'W) acting as follows: for 
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any /jC^' e A'=(Mt; H), k ^ 0~fR, 

2 

(1) dcP^''^ :=^rftj ALj(t;x|a)/3('=) £ A'=^+1(Mt;H), 

where, by definition, 

(2) Lj(i; x|a) := a/9tj - Lj{t; x\d) 

j = 1, 2, are suitably defined linear differential operators in Ti., commuting to each 
other, that is 

(3) [Li,L2] = 0. 

We will put, in general, that differential expressions 

(4) L,(t;x|a):= 5] a«(t;x)^^, 

|a|=0 

with coefficients ai^^ S C^iT; C°°{M; EndC'^)), \a\ = 0,nj{L) nf e Z+, j = Oj, 
are some closed normal densely defined operators in the Hilbert space H for any 
t G T. It is easy to observe that the anti-differentiation of dc defined by (1) is a 
generalization of the usual external anti-differentiation 

d J^ . d 



(5) d = J2d^i^7^+J2^^ 



A 



. dxj ^ dts 

for which, evidently, commutation conditions 

d d d d d d 

dxj ' dxk ' dts ' dti ' dxj ' dts 



hold for all 7, A: = l,?7iands,^ — 1,2. If now to substitute within (5) d/dxj — > Aj, 
d/dts — > Lg, j = 1, 771, s = 1, 2, one gets the anti-differentiation 

m 2 

(7) dA := ^dxj AAj{t;x\d) +^dts ALsit;x\d), 



where the differential expressions Aj, L5 : 7i — > TC for all j, k = l,m and s, ^ = 
1,2, satisfy the commutation conditions [A^, A^] = 0, [Ls,Ls] = 0, [Aj,Ls] = 0, 
then then operation (7) defines on A(Mt;H) an anti-differential with respect to 
which the co-chain complex. 

(8) 7^^A°(Mt;W) ^A1(Mt;H)^... ^A'"+2(Mt;H)^0 

is evidently closed, that is d^d^ = 0. As the anti-differential (1) is a particular 

case of (7), we obtain that the corresponding to it co-chain complex (8) is closed 

too. 

1.2 Below we will follow ideas developed [3, 4, 5, 6, 29]. A differential form 

13 e K{Mt]H) wiU be called d^-closcd ff d^/? = and a form 7 e K{MT,n) 

will be called exact or d^-homological to zero if there exists on Mx such a form 

uj e A(Mt; l-t) that 7 = dAijJ- 

Consider now the standard [28, 29, 8, 31] algebraic Hodge star-operation 

(9) *: A'^(Mt;7^) ^A">+2-'^(Mt;H), 
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k = 0,m + 2, as follows: if /? e A'^(Mt;7^), then the form */3 e A'"+2-k(MT;7i:) 
is such that: 

• {m — fc + 2) - dimensional volume \* (3\ of the form */3 equals fc-dimensional 
volume 1/3 1 of the form (3; 

• the {m + 2) -dimensional measure /3''' A */3 > under the fixed orientation 
on Mr- 

Define also on the space A{Mt;'H) the following natural scalar product: for 
any /3, 7 6 A^iMT^H), k ^0~m, 

(10) (/3,7):= / P'*l- 

Subject to the scalar product (10) one can naturally construct the corresponding 
Hilbert space 

m+2 , 

(11) Ha(Mt) := © nXiMT) 

k=0 

well suitable for our further consideration. Notice also here, that the Hodge star *- 
operation satisfies the following easily checkable property: for any f3,j£ 'H\{Mt), 

fc = 0, TO, 

(12) (/?, 7) = (*/?, *7), 

that is the Hodge operation * : Ha (Mr) — > T-Ca{Mt) is unitary and its standard 
adjoint with respect to the scalar product (10) operation satisfies the condition 

(*)'=(*)-!. 

Denote by d^ the formally adjoint expression to the weak differential operation 
(1). By means of the operations d'^ and dc in the Ha (Mr) one can naturally 
define [8, 28, 29, 3, 31] the generalized Laplace-Hodge-Skrypnik operator Ac : 
Hi(Mt) — >Hi{Mt) as 

(13) Ac = d'cdc + d'cdc . 
Take a form (3 G T-Ca{Mt) satisfying the equality 

(14) Acl3 = 0. 

Such a form is called [3, 29, 31, 8] harmonic. One can also verify that a harmonic 
form /? G T(.a{Mt) satisfies simultaneously the following two adjoint conditions: 

(15) d'c(3 = 0, dc(3 == 

easily stemming from (13) and (14). 

It is easy to check that the following differential operators in Ha{Mt) 

(16) dl := *4(*)-i 

defines also a new external anti-differential operation in Ha{Mt)- 
Lemma 1. The corresponding dual to (8) co-chain complex 

(17) n -^ A°{Mt;H) ^ A\Mt;H) ^ ... ^ A"+2(Mt;H) ^ 
is exact. 

Proof. A proof follows owing to the property d*cd*c — holding due to the defini- 
tion (16). > 

n 
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1.3 Denote further by yi^ijr) (Afx), fc = 0, m + 2, the cohomology groups of dc- 
closed and by H w^.n (Mx), fc = 0, m + 2, fc = 0, m + 2, the cohomology groups of 
d^-closed differential forms, respectively, and by '^a(£'£)(-^t), fc = 0,m + 2, the 
abelian groups of harmonic differential forms from the Hilbert sub-spaces T-L\{M'y), 
fc = 0, 771 + 2. Before formulating next results, define the standard Hilbert-Schmidt 
rigged chain [12, 13] of positive and negative Hilbert spaces of differential forms 

(18) Wa,+ (Mt) C Wi(MT) C H1_(Mt), 
the corresponding hereditary rigged chains of harmonic forms: 

(19) nl^coA^h) C Hi(£.£)(MT) C Wi(£.£),_(MT) 
and chains of cohomology groups: 

(20) Hi(^),+ (MT) C Hi(^)(MT)cHi(£),_(MT), 



for all fc = 0, m + 2. Assume also that the Laplace-Hodge-Skrypnik operator (13) 
is reduced upon the space Ti\{M). Now by reasoning similar to those in [8, 29, 31] 
one can formulate a little generalized [4, 5, 6, 29] de Rham-Hodge-Skrypnik theo- 
rem. 

The groups of harmonic forms l-i\ ^(Mx), fc = 0, m + 2, are, respectively, isomor- 
phic to the homology groups (iJ''(MT; C))l^l, fc = 0, m -I- 2, where H''{Mt;C) is 
the fc-th cohomology group of the manifold Mt with complex coefficients, a set 
S C C^, p G Z+, is the set of suitable "spectral" parameters marking the lin- 
ear space of independent d^'Closed 0-form from Hw£^ _(Mt) and, moreover, the 
following direct sum decompositions 

(21) W1+(Mt) - nl^c'oA^T) © AcHI^Mt) 

hold for any k = 0,m + 2. 

Another variant of the statement similar to that above was formulated in [3, 4] 
and reads as the following generalized de Rham-Hodgc-Skrypnik theorem. 

The generalized cohomology groups Ti.^,^-, _^(Mt), fc = 0, m + 2, are isomorphic, 

respectively, to the cohomology groups {H''{Mt, C))'^', fc = 0, m -I- 2. 

A proof of this theorem is based on some special sequence [3, 4, 5, 6, 7] of 
differential Lagrange type identities. > 

Define the following closed subspace 

(22) H*o := W^"Hv) e <(£*),-(Mt) : dl^^^Hrj) ^ 0, ^(")(r7)|r, V e S} 

for some smooth (m + l)-dimensional hypersurface F C Mt and S C (<y(L) D 
(j{L)) X Eo- C C^, where 'H°/£.^ _(Mt) is, as above, a suitable Hilbert-Schmidt 
rigged[12, 13] zero-order cohomology group Hilbert space from the co-chain given 
by (20), <t{L) and <t{L*) are, respectively, mutual generalized spectra of the sets 
of differential operators L and L* in i/ at i = S T. Thereby, the dimension 
dimTig — card S :— |E| is assumed to be known. The next lemma first stated by 
I.V. Skrypnik [3, 4] is of fundamental meaning for a proof of Theorem 1.2. 
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Lemma 2. There exists a set of differential {k+l)-forms Z'^^^^^ [(/?(") (ry), dc'^'^^\ G 
A'=+1(Mt;C), k = 0,m + 2, and a set of k- forms ^^[(^^(ry), V'^''^] G A'=(Mt;C), 
fc = 0, TO + 2, parametrized by the set E 9 r], being semilinear in {(p^'^'{r]),tp^''^) e 
Ho X Ha.+ (Mt), sMc/i i/iai 



/or all k = 0,m + 2 and rj E 'E. 

Proof. A proof is based on the following Lagrange type identity generalizing that 
of Part 1 and holding for any pair {ip'^{rj), ip^k)) G TLq x H^ ^(Mt): 

(24)0 = <d2:0<")(r;),*(?A('^) A7) >=<*d'£(*)-V^"'('?),*(V'^''^ A7) > 

= <*d'£(*)-V^°^(^),^^''^ A7)> = 

= < (*)- V*°^ iv), dci^^^^ A 7 > +z('=+i) [i/.(") (77), dc^{k)] A 7 >= 

= <(*)_i(^(°)(7?),d£^('^) A7>+rfZ('=)[(^(")(77),^W]A7, 

where Z('=+i)[(^(°)(r/),(i£V^''^] £ A'=+1(Mt; C), /c = 0, to + 2, and Z^*^) [^(0) (?/), V'^''^] e 
A'^(Mt; C), fc = 0, to, + 2, are some semilinear differential forms on Mt parametrized 
by a parameter A e S, and 7 G A™+^^'^(Mt; C) is arbitrary constant (to, + 1 — fc)- 
form. Thereby, the semilinear differential (fc + l)-forms Z^'^^^''[ip^^''{ri),dcip^'''] G 
A'=+1(Mt;C) and fc-forms zW[93(o)(r/),i/;W] G A'=(Mt;C), k = 0,to + 2, A G S, 
constructed above exactly constitute those searched for in the Lemma. > D 



1.4 Based now on Lemma 1.3 one can construct the cohomology group isomor- 
phism claimed in Theorem 1.2 formulated above. Namely, following [3, 4], let us 
take some singular simplicial [28, 29, 30, 31] complex 1C{M^) of the compact metric 
space Mt and introduce a set of linear mappings B\^ ' : Ti^ ^Mt — > Cfe(MT; C), 
fc = 0, TO, + 2, A G S, where CkiM^; C), fc = 0, to + 2, are free abelian groups over 
the field C generated, respectively, by all fc-chains of singular simplexes S'^^^ C Afx, 
fc = 0, TO, + 2, from the simplicial complex /C(Mt), as follows: 

(25) Bf(V;W):= ^ 5^ / Z«[^(")(A), ^W] 

S('=)GCfc(MT;C)) ■^*'°' 

with tjj''^'^ G TL^ ^(Mt), fc = 0, 771 + 2. The following theorem [3, 4] based on map- 
pings (25) holds. 



Theorem 3. The set of operators (25) parametrized by X d T, realizes the coho- 
mology group isomorphism formulated in Theorem 1.2 

Proof. A proof of this theorem one can get passing over in (25 ) to the corre- 
sponding cohomology Ti-'^,^^ <{Mt) and homology Hk{MT;C) groups of Mt for 

every fc = 0, tti -I- 2. If one to take an element ■0^'^'' := 'tp^'^Ht^) "= "^mc) +(-^t), k = 
0, TO, -I- 2, solving the equation dcip^''^ {/f) = with /i G Sfc being some set of the re- 
lated "spectral" parameters marking elements of the subspace ^ACr) -(-^t), then 

one finds easily from (25) and identity (23) that dZ'-'''^[ip'-"\X), tp'-'^^n)] = for all 
(A, /i) G S X Efe, fc = 0, TO, 4- 2. This, in particular, means due to the Poincare lemma 
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[27, 28, 29] that there exist differential {k - l)-forms O('=-i)[99(o)(A),'0('=)(/i] e 
A'=-i(M; C), fc = 0,m + 2, such that 

(26) zW[^(")(A),^W(a.)] = df^e^-i^i^WlA),^^!^*)] 

for all pairs {(p'-°\\),ip'-''\^ij} e Hq x Wa(£) +(^t) parametrized by (A, /i) S 
S X Efc, fc = 0, TO + 2. As a result of passing on the right hand-side of (25) to the 
homology groups iJfc(MT;C), fc = 0, m-l- 2, one gets due to the standard Stokes 
theorem [27, 29, 28] that the mappings 

(27) Sf : W^(£),+ (Mt) -^ HkiMT: C) 



are isomorphisms for every k = 0,to, + 2 and A G S. Making further use of the 
Poincare duality [8, 28, 29] between the homology groups HkiMT] C), k ^ Q,m + 2, 
and the cohomology groups i?'^(M;C), k = 0, to + 2, respectively, one obtains 
finally the statement claimed in Theorem 1.4.> 

D 



2. The spectral structure of Delsarte-Darboux type transmutation 

operators in multidimension 

2.1 Take now into account that our differential operators hj : Ti. ^ Ti, j ~ 1, 2, 
are of the special form (2). Assume also that differential expressions (4) are normal 
closed operators defined on dense subspace D{V) C Li{M\'£j^). 

Then due to Theorem 1.4 one can find such a pair ((/^(''^(A),'!/'^'^^/^)) ^ ^o ^ 
"^MO +(-^t) parametrized by elements (A, /x) G S x S^, for which the equality 

(28) Bi")(^(")(A.)dx) = S<^;^^ f O("-i)[^(0)(A),^(0)(M)rfx] 



as: 



(m) 



pressions 






(29) 


^(t;a;)(A,Ai) : 


^kr 




^{to:xa){\ ^^) ■ 


^ '^^> 



holds, where S^^K G HmiM^', C) is some arbitrary but fixed element of parametrized 
by an arbitrarily chosen point (t; a;) G Mr DdSf"^ -.. Consider the next integral ex- 



fi(™-i)[^(")(A),^(°)(M)dx], 
f^("-i)[0(")(A),p5Z(o)(Ai)dx], 

with a point {to; xq) £ Mt fl dS\^l^ s being taken fixed the boundaries C/^T ' := 

dSf^ , ^(t a; ) ■" ^^t^xo assumed to be homological to each other as (i;a;o) — > 
{t; x) G Mx, (A, y^) G S X Sfe, and interpret them as the kernels [12, 13, 32] of the 
corresponding invertible integral operators of Hilbert-Schmidt type il(t;x) 7 ^(to;xo) '■ 
L2 [T,] C) — > L2 (S; C), where p is some finite Borel measure on the parameters 
set S. Define now the invertible operators expressions 

(30) n±:V;(")(Ai)^^(°)(Ai) 
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for iP^^\ii)dx G Wr(£),+ (*^T) and some tp'-°\n)dx G HX'(£),+ (Mt), A* e S, where, 
by definition, for any 77 G S 

(31) 4''^"Hv) ■■ =^(°n^)-^(*;.)-%o;.o) 

dp(M) / dpiOi^^''H^^)%U^^,0^{to■,.o)itv), 

being motivated by the expression (28). Namely, consider the following diagram 



wr(£),+(A^T) ^ ^r(£),+(^T), 

(32) _g(™) I / ^(m) 

F™(Mt;C) 

which is assumed to be commutative for some another co-chain complex 

(33) n -^ A°(Mt; W) ^ A1(Mt;H) ^ ... ^ A™+2(Mt;H) ^ 0. 
Here, by definition, the generalized anti-differentiation is 

2 

(34) d^ :=^dtj A Lj(i;x|a) 

i=i 
with 

(35) Lj == d/dtj-Lj{t;x\d), 

"j(^) n|a| 

Z,(i;x|a) : = ^ ai^-)(t;x)^-^, 
l"l=o 



where coefficients ai^'^ G C^T; C°°(M;EndC^), |a| ==0,nj(L), nj(i) := %(L) G 
Z+, .7 = 1, 2. The corresponding isomorphisms BjJ"-^ : T^Xyz;) -i-(-^t) — > H„iiMT', C), 
A G S, act, by definition, as follows: 

(36) B^r\^("Hp)dx) ^ S^-^r f ii(™-i)[^(o)(A),^(")(M)dx], 

where ^'"H^) G H;^ C H^(£.),_(Mt), A G (cr(Z) n ^(i*)) x E^, 

(37) K ■■= {^<°^(A) e Wr(£.),-(AfT) : 4^("'(x) = 0,^W(A)|f = 0, A G E} 

for some hypersurface F C Mt. Respectively, one defines the following closed 
subspace 

(38) Ho := {V^("Ha^) G K^C').-iMT) : d^^(°nA) = 0,^(")(A*)|f = 0,m e E} 

for the hyperspace F C Mt, introduced above. 

Suppose now that the elements (31) belong to the closed subspace (38), that is 

(39) d^i;^°\n)^0 

Define similarly to (38) a closed subspace TYq C W™(£*) _(-^t) as follows: 

(40) Ho := {^(°nA) e H^(£.),-(Mt) : ^^^("'(A) = 0,^W(A)|r = 0, A G E} 
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for all /i G S. Then due to the commutativity of the diagram (32) there exist the 
corresponding two invertible mappings 

(41) n±:no^ Ho, 

depending on ways of their extending over the whole Hilbert space H^ _{Mt)- 
Extend now operators (41) upon the whole Hilbert space TC^ _{Mt) by means of 
the standard method [21, 23] of variation of constants, taking into account that 

for kernels Q(^t;x){^, ^J-), ^{to:xo){^T fJ-) ^ -^2 (^! *^) ® -^2 (^! ^)' -^1 M ^ ^i oi^c can 
write down the following relationships: 

(42) r!(,^,)(A,A.)-f](,„.,„)(A,A.) 
0("-i)[^(")(x),i/.(")(/i)dx]- / f7("-i)[^(")(A),V^°^(A*)rfa;] 



± ^ (t:x) (to;xo)' 






df7("-i)[^(")(A),V*°^(M)'^a;] 
Z(")[^(")(A),^(")(M)dx], 



where, by definition, m-diniensional open surfaces 'S'± (c^^^s , cr^ ™.^ I) C Afx 
are spanned smoothly without self-intersection between two homological cycles 
'^(t"')'^ = ^4"-) and a[,";;|5 = asJJ^^^ G C™_i(Mt;C) in such a way that the 

boundary d{S^\a^;^,a\::;:^) U 5i"V(t)^ <;".:))) = «• taking use of 
the relationship (42), one can thereby find easily the following integral operator 
expressions in ?i_: 

(43) n± = l-^dp(,7)^(")(e)l^(,^\,„)(e,?7) 

X / Z(")[^(0)(r7),(.)dx] 

± V (t;x) ■ (to;^o)' 

defined for fixed pairs {ip^°HO , i^^°Kv)) e H^ x Ho and (^(")(C), V'^"Hm)) £ H;^ x 
TYo; A, /x G E, being bounded invertible operators of Volterra type [18, 19, 14, 32] on 
the whole Hilbert space TC. Moreover, for the differential operators Lj : TL — > Ti, 
j = 1,2, one can get easily the following expressions 

(44) Lj = rJiLjTJ^^ 

for j = 1, 2, where the left hand-side of (44) does not depend on sings "±" of the 
right-hand sides. Thereby, the Volterrian integral operators (43) are the Delsarte- 
Darboux transmutation operators, mapping a given set C of differential operators 
into a new set C of differential operators transformed via the Delsarte expressions 

(44). 
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2.2 Suppose now that all of differential operators Lj{t] x\d), j = 1, 2, considered 
above don't depend one the variable t £ T. Then, evidently, one can take 

(45) H*o : ={^f(r,)GL2.-(M;C^):L>f(r7) = A,^f(ry),j=T;2, 

ff\v)\r = 0,A = (Ai,A2)e(T(i)n^(L*),ryeS4 

Wo : ={^f\v)eL2.-{M;C''):L*^i"\rj)^\,^i"\rj), 
j = M, ^f (r;)|f-0,A-(Ai,A2)e(T(L)n^(i*),r7eS4 
and construct the corresponding Delsarte-Darboux transmutation operators 



(46) fi± = 1-/ dp^iX) 1^ dp^^iOdp^^rj) 






± (to;="o)' (*oi="o) 



acting already in the Hilbcrt space L2,+ {M; C^), where for any (A; £,, rf) <E {<t{L) n 
a{L*) X Sj kernels 

(47) f^(.o)(A;e,r7) := /, _,^ f7("-i)[^f (0, ^f (ry)^^] 



for (C,r?) G S2 and every A £ ajL) na{L*) belong to 4''^(E^;C) «) 4''^(I]<,;C). 
Moreover, as dfl±/dtj — 0, j ~ 1, 2, one gets easily the set of differential expres- 
sions 

(48) Lj{x\d) ■.:^ft±Lj{x\d)n-^^ 

j — 1,2, also commuting, evidently, to each other. 

The Volterrian operators (46) possess some additional properties Namely, define 
the following Fredholm type integral operator in H : 

(49) J7:=ri+^n_, 

which can be written in the form 

(50) rj=i+$(rj), 

where the operator $($7) £ Boo{H) is compact. Moreover, due to the relationships 
(48) one gets easily that the following commutator conditions 

(51) [^,L,]=0 

hold for i = T^. 

Denote now by $(J7) e H^ (g) H^ and K+(fl), k^{n) e H^ (g) H^ the kernels 
corresponding [12, 13] to operators <&(ri) £ Boo(H) and ft± — 1 £ Boo{H). Then 
due to the fact that supports supp K+{Q,) n suppK ^{'^) = (Tx U cri™^ , one 
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gets from (49) and (50) the well known Gelfand-Levitan-Marchenko linear integral 
equation 

(52) K+{ft) + $(h) + K+{n)+ * $(fl) = K^{n), 

allowing to find the factorizing the Fredholmian operator (49) kernel K-^. (H) (x; j/) S 
H- (g)iJ_ for all y G suppK-^-{d). The conditions (51) can be rewritten suitably 
as follows: 

(53) {L,.e,t ® l)m) = (1 ® Ll^.t)m) 

for j = 1,2, where Lj_ext G C{H^), j = 1,2, and their adjoint L*^^^^ e £{H), 
j = 1,2, are the corresponding extensions [12, 24, 13] of the differential operators 
Lj andL* € C{H), j = 1^2. 

Concerning the relationships (48) one can write down [12, 24] kernel conditions 
similar to (53): 

(54) (L,, e.t ® l)i:±(0) = (1 L*,,,)i^±(f2), 

where as above, Lj,ext G ^{H-), j = 1,2 are the corresponding rigging extensions 
of the differential operators Lj e JC{H), j = 1, 2. 

2.3 Proceed now to analyzing the question about the general differential and 
spectral structure of transformed operator expression (44). It is evidently that 
found above conditions (52) and (53) on the kernels K±{i},) S Ti-^Ti^ of Delsarte- 
Darboux transmutation operators are necessary for the operator expressions (44) 
to exist and be differential. Put the question whether these conditions are also 
sufficient? 

For studying this question let us consider Volterrian operators (43) and (46) 
with kernels satisfying the conditions (52) and (53), assuming that suitable ori- 
ented surfaces S^^ (a/f.^um-i) , (T/f^^.,^\(m-i)) G Cm(MT;C) are given as follows: 

S^^^ (CT(t.^)(™-i) , cr(t^.^^)(™-i) ) = {(i'; x') e Mt : 

t' = P{t;x\x'), te T}, 

^i"^ (^(t;.)(™-i) , '^(to;.o)('"-) ) = {(*'; ^') e Mt : 

(55) t' = P(t;x\x')eT\[ta,t]}, 

where a mapping P e C°°(Mt x M; T) is smooth and such that the boundaries 

dS^^\a',"'-'\a',"'-'\) = ±(a('"-^) - a,("-'h with cycles a'™;'^ and al""''] € 

± \ {t;x) ' {to;xo)' ^ {t;x) {to;xo)' ■' (t;x) {to,xo) 

JC{Mt) being homological to each other for any choice of points {to;xo) and {t;x) € 
Mt- Then one can see by means of some simple but cumbersome calculations, 
based on considerations from [34] and [9], that the resulting expressions on the 
right hand-sides of 

(56) L = L+[K±{n),L]-n^^ 

are exactly equal to each other differential ones if such there was the expression 
for an operator L e ^{"H). 

Concerning the inverse operators 17^ G B{?i) present in (56) one can notice 
here that due to the functional symmetry between closed subspaces Ti.Q and Hq C 
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H_, the defining relationships (41) and (31) are reversible, that is there exist the 
inverse operator mappings 17 jj : TYq -^ "Ho, such that 

(57) n^' : ^(") (A) -^ ^(0) (A) := ^(") (A) • ^-^^n^,,,^ 

for some suitable kernels fl(^t:x)i^, 1^) and fi(tj,.2.„)(A,/i) G _L2 (S; C) ® Lj (S;C), 
related naturally with the transformed differential expression L G C-{Ti). Thereby, 
due to the expressions (57) one can write down similar to (46) the following inverse 
integral operators: 

(58) n-^' = 1- f dpiO f dp{r^)^^"\C)^^^^,^{tv) 



s 






Z(")[^(")(ry),(.)dx] 



defined for fixed pairs ((^(°)(0,V'*°H'7)) eH^xHo a.nd{ip^°\^),il:'^°\r])) eH^xHo, 
^,77 G E, and being bounded invertible operators of Volterra type in the whole 
Hilbert space H. In particular, the compatibility conditions ft±n^^ = 1 = ft^^ft± 
must be fulfilled identically in 7i, involving some restrictions identifying measures p 
and E and possible asymptotic conditions of coefficient functions of the differential 
expression L G £. Such kinds of restrictions were already mentioned before in 
[37, 38, 39], where in particular the relationships with the local and nonlocal 
Riemann problems were discussed. 

2.4 Within the framework of the general construction presented above one can 
give a natural interpretation of so called Backlund transformations for coefficient 
functions of a given differential operator expression L G C{7i). Namely, following 
the symbolic considerations in [41], we reinterpret the approach devised there for 
constructing the Backlund transformations making use of the techniques based 
on the theory of Delsarte transmutation operators. Let us define two different 
Delsarte-Darboux transformed differential operator expressions 

(59) Li = fli,±LO-^, L2 ^ fl2.±Ln-X, 

where ^1.+, ^2.- G B{T(.) are some Delsarte transmutation Volterrian operators in 
Ti. with Borel spectral measures pi and p2 on E, such that the following conditions 

(60) fij;_;^Oi^_ = n = fi2;+^2,- 

hold. Making use now of the conditions (59) and relationships (60) one finds 
easily that the operator B := fl2.-fli\_ G B{Ti) satisfies the following operator 
equations: 

(61) L2B = BLi, fl2,±B = Bf2i,±, 

which motivate the next definition. 

Definition 4. An invertible symbolic mapping B : C{7i) — > C (Ti.) will be called 
a Darboux- Backlund transformation of an operator Li G C{Ti.) into the operator 
L2 G C{TC) if there holds the condition 

(62) [QB,Li]=0 
for some linear differential expression Q G C{7i). 
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The condition (62) can be realized as follows. Take any differential expression 
q G C-{l-C) satisfying the symbolic equation 

(63) [qB,L]=0. 

Then, making use of the transformations like (59), from (60) one finds that 

(64) [QB,Li]===0, 
where owing to (61) 

(65) QB := ni,+qBn^X = rji,+qri2;+B. 

Therefore, the expression Q = Q,i,^qQ,2 j_ appears to be differential one too owing 
to the conditions (61). 

The consideration above related with the symbohc mapping B '■£{H) —^ ^CH) 
gives rise to an effective tool of constructing self-Backlund transformations for 
coefficients of differential operator expressions Li,L2 € 'C(?i) having many appli- 
cations [15, 35, 26, 32, 23] in spectral and soliton theories. 

2.5 Return now back to studying the structure Delsarte-Darboux transforma- 
tions for a polynomial differential operators pencil 

n{L) 

(66) L{X;x\d) := ^ Lj{x\d)X^ , 

j=o 

where n{L) e Z+ and A G C is a complex-valued parameter. It is asked to find 
the corresponding to (66) Delsarte-Darboux transformations J1a.± G ■B(H), A G C, 
such that for some polynomial differential operators pencil h{X:x\d) G C{Ti.) the 
following Delsarte-Lions [2] transmutation condition 

(67) LflA,± = nA,±L 

holds for almost all A G C For such transformations fl\± G B(TC) to be found, let 
us consider a parameter r G K dependent differential operator hr{x\d) G C{7i^), 
where 

n(L) 

(68) L^ix\d) := J^ Lj{x\d)d^ /dr^ , 

3=0 

acting in the functional space Ht = C"^''^-'(Kr; W) for some q{L) G Z_|_. Then one 
can easily construct the corresponding Delsarte-Darboux transformations ^t,± S 
B{7i^) of Volterra type for some differential operator expression 

n{L) 

(69) Lr(x|a) := J2 Lj{x\d)d^/dT^, 

3=0 

if the following Delsarte-Lions [2] transmutation conditions 

(70) Lrfir,± = f^r.±Lr 



DE RHAM-HODGE-SKRYPNIK THEORY 13 

hold in TLt- Thus, making use of the resuhs obtained above, one can write down 
that 



(71) fi,,± = \- jjp^iO jjp^{in)¥^\\-,mjr\-,.,){^-^^^v) 



X / Z(")[^(")(A;,y),(.)dx] 

defined by means of the foUowing closed subspaces 7ir,o C Tir,- and Ti* g C 7i* _ : 



■Hrfi : = {^^°^ (A; i) G H,,- : L,^(°) (A; $) = 0, 
7^(")(A;0|.=o = ^(")(A;e)eH, LV^(°)(A;O-0, 

V'(°nA;Olr = 0, AeC, CeS}, 



(72) 7^;o : -M")(A;ry)GH;_:L,^(")(A;,?)-0, 

^(.o)(A;^)|,^o = ^(")(A;,?)eW*, L^(o)(A;,?)-0, 
^(")(A;r,)|r = 0, A e C, ry e E}. 



Recalling now that our operators Lj G ^CH), j = 0,r(L), do not depend on the 
parameter r G M, one can derive easily from (71) 

(73) fi± = 1- [ dp^iO f dp^irj)i^^^H\;0%\)i^;Lv) 



s 



X / Z^"'\^("\X;rj),i-)dx] 



„(™), (™-i) (m-i)-. 



where we put ai™-^) := <jI:;^J, a^Z'^'^ := af™;;^] G a„_i(M'";C) and 

(74) z("'[^(")(A;r;),V;("'dx] := Z(")[4")(A; 7?), ^^dxlU^^o. 

The corresponding to (73) closed subspaces TLq G TL- and Hq G HI are given as 



follows: 



(75) 7^o:={^<°nA;C)eW-:LV^<°nA;O=0, ^(")(A;Olr = 0, A G C, C e S}, 

H^o := {'^*°^(A;7?) G Wl : V°^(A;77) = 0, </^(°)(A; 77)|r = 0, A G C, ry G E}. 

Thereby, making use of the expressions (73) one can construct the Delsarte- 
Darboux transformed linear differential pencil L G C{Ti.), whose coefficients are 
related with those of the pencil L G C{TC) via some Backlund type relationships 
useful for applications (see [23, 20, 42, 43, 38]) in the soliton theory. 
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3. DeLSARTE-DARBOUX TYPE TRANSMUTATION OPERATORS FOR SPECIAL 
MULTI-DIMENSIONAL EXPRESSIONS AND THEIR APPLICATIONS 

3.1 A perturbed self-adjoint Laplace operator in M". Consider the Laplace 

operator —Am in H := L(R™;C) perturbed by the muhiphcation operator on a 
function q G T4^|(IR™; C), that is the operator 

(76) L{x\d):^~^^ + q{x), 

where x G M™. The operator (76) is self-adjoint in H. Applying the results from 
the Section 1 to the differential expression (76) in the Hilbert space H, one can 
write down the following invertible Delsarte-Darboux transmutation operators: 

(77) f2± = 1-/ dp^iO I dp^iO f dp^AO I dp^M 

Ja(L) Jij{L) JS^ JS^ 

where ax £ /C(R™) is some closed maybe non-compact simplicial hyper- 

surface in M™ parametrized by a running point x G ax , and axo G /C(K'") 

is a suitable homological to ax simplicial hypersurface in R™ parametrized 

by a point xq G ai^ . There exist exactly two m-dimensional subspaces span- 
ning them, say 5i"')(ai"-^\ ai^"'^) e ^(R™), such that S^^\ai"'-^\ai':-''>)U 
SL'{ax~ ,axo~^ ) = M™. Taking into account these subspaces, one can rewrite 
down compactly the Delsarte-Darboux transmutation operators (77) for (76): 



(78) f2± = l+/ dyK±{n)ix;y)i-), 

/ oCmJ / (771-1) (m-l)s 

where, as before, x G ax and kernels K±{fl) G H- ®H- satisfy the equations 

(54), or equivalently, 

(79) -A,„(x; d)K±{n){x; y) + A„(y; 9)i^±(f1)(x; y) 
= {q{y) - q{x))k±{n){x-y) 

for all x,y G suppii'-|-(r2). Take for simplicity, a non-compact closed simplicial 

hypersurface ax — ax,^ := {y G M™ :< x — y, ±7 >= 0} and the degenerate 

simplicial cycle ai:"' := xq = co G M™, where 7 G S™^^ is an arbitrary versor, 
I7II = 0. Then, evidently, 

(80) 4'"Vi"7'\'^£'-'^) := 5i"L ^{yeW-:<x-y,±^> > 0} 
and our transmutation operators (78) take the form 

(81) 0±^ = 1+/ dyk±^{Q.){x;y){-), 

where suppi^±^(f2) - si'^l,, ^^^'^sl";), = ai^^-'^Ua^'-^' and ^(^'^.nsi"^ = 
R™ for any direction 7 G S™^""^. 

The invertible transmutation Voltcrrian operators like (81) were constructed 
before by L.D. Faddeev [9] for the self-adjoint perturbed Laplace operator (76) 
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in R^. He called them [9] transformation operators with a Volterrian direction 
7 e E>^~^. It is easy to see that Faddeev's expressions (81) are very special cases 
of the general expressions (78) obtained above. 

Define now making use of (78) the following Fredholmian operator in the Hilbert 
space H : 

(82) n := {i+K+{n)y\i+K^{n)) = i+$(rj) 

with the compact part $($1) CzBociH). Then the commutation equality 
(83) [L,^n)]^0 

together with the Gclfand-Levitan-Marchenko equation 

(84) K+{n)+^{n)+k+{n)+^{n) ^k^{n) 

for the corresponding kernels K±{n) and $($1) £H- (g) H- hold. 

In [9] there was thoroughly analyzed the spectral structure of kernels K± (ft) e_ff_ 
-ff- in (81) making use of the analytical properties of the corresponding Green 
functions of the operator (76). As one can see from (77), these properties depend 
strongly both on the structure of the spectral measures p^ on (7{L) and ps^ on T,^ 
and on analytical behavior of the kernel f7oo(A;^, r]) G -Z^2 ( ^cr! ^) ® -^2 ( ^o-; C), 
S,,r] £ Ect, for all A £ cr(L). In [9] there was stated for any direction 7 e S™^^ 
the dependence of kernels K±{ft) GiJ_ (g) H- on the regularized determinant of 
the resolvent R^{L) G B{H), fi G C/(t{L) is a regular point, for the operator (76). 
This dependence can be also clarified if to make use of the approach from Section 
2. 

2.2 A two-dimensional Dirac type operator. Let us define in H := 
L2{M.'^;C'^) a two-dimensional Dirac type operator 

(85) Li.;d):^(^J^,^^ .^,f) 

\ U2{x) d/dx2 

where x := (xi,a;2) G R^, and coefficients Uj G W2{ M^;C), j ~ 1,2. the trans- 
formation properties of the operator (85) were studied [16] thoroughly by L.P. 
Nizhnik. In particular, he constructed some special class of the Dclsarte-Darboux 
transmutation operators in the form 

(86) n± = l+f dyk±{n){x;y){-), 

where for two orthonormal versors 71 and 72 G S"'^, ||7i|| = 1 = II72II, 

(87) 4^'(aW,aW) : - {y G R^ :< a: - y,7i >> 0} 

n{y G R^ :< .T-y,72 >>0}, 
5i'^(aW,a«) : - {y G R^ :< a; - 2/,7i >< 0} 
U{y G R^ :< a:;-y,72 ><0}. 
In the case when < x, 7^ >= Xj G M, j = 1, 2, the corresponding kernel 

f88) K fJl") = I +41 <J'^^''>'1> +>ll^ '^-^ " + ,12"<y-a;,72> T" -f^ + ,127 \ 

\ -'^+,2l"<J/-2:,7i> ~r -fi+^2lV'''i yj ^^ + .22'-'<y-x,j2> ' -'^^ + .22 I 
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is Dirac delta-function singular, being, in part, localized on half-lines < y — 
2^,72 >= and < y — x,ji >— 0, with regular all coefhcients K^^- e C^(]R^ x 
R^; C) for all i,j = 1, 2 and I = 0,1. Such a property of the transmutation kernels 
for the perturbed Laplace operator (76) was also observed in [9] , where it was mo- 
tivated by the necessary condition for the transformed operator L{x; d) G C-{H) to 

be differential. As one can check, the same reason of the existence of singularities 
holds in (88). 

Let us now consider the general expression like (78) for the corresponding hyper- 
surfaces S)^ {(Tx , Coo ) spanning between a closed non-compact smooth cycle (Jx 
G /C(M^) and the infinite point ctoo := oo G /C(IR^). A running point x E ax is 
taken arbitrary but, as usual, fixed, the kernels K±{n) G i?- x iJ_ in (86) satisfy 

the standard conditions (53) and (54), that is 



(89) (Li,e.t®l)if±(n) = (l0L*_,^jX±(n), 

for some matrix differential Dirac type operator Li G C{H) of the form (76). 
Together with this Dirac operator the following matrix second order differential 
operator 

^''^ ^^^^^1+ "^-2!. ' ^±^^.r 

\ dxi dx'i dx'i ^ / 



in the parametric space Ti := C^(K; H) was studied in [16, 17] for which there 



was 



developed scattering theory and given its application for constructing soliton-like 
exact solutions to the so called Davey-Stewartson nonlinear dynamical system in 
partial derivatives. The latter was based on the fact that two operators Li and 
L2 G C{H) are commuting to each other. 

Namely, consider the Volterrian operators Jl± G B{7i) realizing the following 
Delsarte-Darboux transmutations: 

(91) Lin± = f2±Li, L2f2±=r2±L2. 

Here we put 

d/dxi 



(92) U{x;d) 



d/dx2 



where aj G VF2^(R;C), j ~ 1,2, are some given functions. It is evident that 
operators (92) are commuting to each other, then, if the operators Jl± G B{H) 
exist and satisfy (91), the following commutation condition 

(93) [Li,L2]=0 
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holds, that there was exactly claimed above and effectively exploited before in 
[16, 17]. 

Recall now that for the operators n± E B{H) to exist they must satisfy addi- 
tionally the kernel conditions (89) and 

(94) {u,e.t<^i)k±{n) = (i®L;_,,,)x±(n), 

[L2,$(fl)] = 0, 

where, as before, the operator <i>(ri) eBoo(H) is defined by (82) as 

(95) n := l+$(fl). 

Owing to the evident commutation condition (93) the set of equations (89) and 
(94) is compatible giving rise to the expression like (86), where the kernel K+{n) G 
iJ_ H^ satisfies the set of differential equations generalizing those from [16, 17]: 

(96)—-— h^ hUli^+,21 = 0, — — ^ ^ —^ h ■ui-ftr+,22 = 0, 

oxi oyi oxi oyi 

dK+^21 , dK+^21 , . j^ „ dK+^,dK+^ 

—^ \ -R hM2A + ,ii = 0, — \ hU2A + ,i2 = 0, 

0x2 ox I 0x2 oy2 

^d^2^''' - -^^^^^d4'd^J^^d4'd^2'^^^''' 



+ (02(^2) -V2{x))K+^ 



11 



+ {ai{xi) - vi{x))K+^22, 



-|-(q:i(xi) - U2(x))i^+,22- 

'9x1 +'^' dt '^^^dxl dyl'^dxl dyl 

+ (0:2(2:2) - wi(x))i^+^ii. 



Moreover, the following conditions 

(97) Mi(x) = -Kf\2\y=x. ^2{x) = -Kf]2\\v=^, 

^'2(2;)|a;i=-oo = (^2{xi)-, ^l (x) |^2 = _oo = ^i (xi) 

hold for all a; £ M^ and y Gsuppi^+(r2), where we take into account the singular 
series expansion 

(98) i:+(o) = ^ K^^-^, 



-(s)a(*-i) 



for some finite integer ]3(Kj^) G Z+ with respect to the Dirac function b (i) : 
iy|(M^; C)^ R, g G Z+, and its derivatives, having the support (see [34], Chapter 

3) coinciding with the closed cycle Ox G /C(R^). 
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Remark 5. Concerning the special case (88) discussed before in [16, 17], one gets 
easily thatp{K+) = 1 and ai ' = 9(n. Y^{y £ R^ :< y—x,jj >= 0}) CsuppK+{ft). 
It was shown also before that equations like (96) and (91) possess solutions if the 
Gelfand-Levitan-Marchenko equation (52) does. 

Making use also of the exact forms of operators Li and L2 G 'C(W), one ob- 
tains easily from (89) and (94) the corresponding set of differential equations for 
components of the kernel $($1) e H- eg) iJ_ : 

(99) dp^^dp, ^ ^^ dp^^dp,^^^ 

oxi oyi axi oyi 

a$21 . 9$21 9$22 9$22 _ 



dx2 dy2 ' dx2 dy; 



2 



9$ 9 (9 



9t ^ 8x2 dy? 



2 

,2 C)2 



9$i2 ^9^ ff 
9t 9x2 9y2 



± (to- ~ 773)^12 + ("i(yi)-"2(a;2))$i2 = 0, 



9$22 d^ a^ 

for all (x,y)G M^ x M^.The obtained above equations (99) generalize those before 
found in [16, 17] and used for exact integrating the well known Devey-Stewartson 
differential equation [37, 35, 10] and finding so called soliton like solutions. Con- 
cerning our generalized case the kernel (98) is a solution to the following Gelfand- 
Levitan-Marchenko type equations: 

iff(x;2;) + <i>(°)(x;y)+/ K^^\x;0<^^"HC,y)di 

(100) +/ i^«(x;O<f>(°^(e;y)daW=0, 
if«(x;y)-f<I>W(x;y)+/ <")(x;e)$«(C; 2/)dC 

<)(x;O<i>(')(e;y)daW=0, 

where y G S_^ (ai ,0-00) for all x G M^ and, by definition, 

(101) $(n) :=$(°)+$(i)j^(i) 

is the corresponding to (98) kernel expansion. Since the kernel (101) is singular, 
the differential equations (99) must be treated naturally in the distributional sense 
[34]. 

Taking into account the exact forms of "dressed" differential operators Lj G 
C{TC), j = 1,2, given by (85) and (90) one gets easily that the commutativity 
condition (93) gives rise to that of Lj G >C(?i), j — 1,2, being equivalent to the 
mentioned before Devey-Stewartson dynamical system 
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(102) dui/dt = -{ui^xx + ui,yy) + 2{vi - V2), 

du2/dt = U2.xx+U2^yy + '2{V2-Vi), 
Vl,x = {uiU2)y, V2,x = {uiU2)x 

on a functional infinitc-dymensioanl manifold M„ C 5(R^;C). The exact soliton 
like solutions to (102) are given by expressions (97), where the kernel K^ (fl) 
solves the second linear integral equation of (100). On the other hand-side, there 
exists the exact expression (31) which solves the set of "dressed" equations 

(103) Ui>^"Hv) ^ 0, L2i^^°\v) = 0. 

Since the kernels n{X, )i) G L^{\^;C) (g) 4''^(S; C), for A, ^ e S, {t;x) £ MtH 
S_^ {ax ,(Tod) are given by means of exact expressions (29), one can find via sim- 
ple calculations the corresponding analytical expression for the functions {ui,U2) G 
Mu, solving the dynamical system (102). This procedure is often called the Dar- 
boux type transformation and was recently extensively used as a particular case 
of the construction above in [23] for finding soliton-like solutions to the Devey- 
Stewartson (102) and related with it two-dimensional modified Kortcweg-de Vries 
flows on Mu. Moreover, as it can be observed from the technique used for con- 
structing the Delsarte-Darboux transmutation operators fl± G B{Ti), the set of 
solutions to (102) obtained by means of Darboux type transformations coincides 

completely with the corresponding set of solutions obtained by means of solving 
the related set of Gelfand-Lcvitan-Marchcnko integral equations (99) and (100). 

2.3 An affine de Rham-Hodge-Skrypnik differential complex and re- 
lated generalized self-dual Yang-Mills flows. Consider the following set of 
afiinc differential expressions in H := C^ {R"'+^ ; H) , H := i2(IR";C") : 

(104) L,(A):=1— -A— + A.(x;p|t), 

where x G M", {t,p) G R'"+\ matrices A, G C^{R"^+^;S{R"^;EndC'^)), i = T~^, 
and a parameter A G C One can easily now construct an exact affine de Rham- 
Hodge-Skrypnik differential complex on Mt :~ M^+^xM™ as 

(105) H -^ A{Mt; n) "^"-^^ K\Mt- H) -^ ''f.'.^' ^ A2"+1(Mt; H) '^^'' 0, 
where, by definition, the differentiation 



(106) 


dc{\) 


:=(it AB(A) + 2 


_^dpi A Li (A) 


and the affine matrix 






n{B)+q 




(107) E 


i(A) := 


d/dt- 


s=0 


,(a;;p|t)A"(^)-^ 



with matrices Bs G C'^{W^+'^-,S{W^-,EndC^)), s == 0,n(B)+g, n{B),q G Z+. 
The affine complex (105) will be exact for all A G C iff the following generalized 
self-dual Yang-Mills equations [43] 

dA,/dpj - dAj/dp^ - [A„ A^] = 0, dA,/dxj - dA^/dx^ ^ 0, 
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dBo/dx^ ^ 0, ^B„^B)+q/^p^ = 0, dBs/dx^ ^ dBs-i/dp^ + [A^,Bs-i] = 0, 
(108) dAJdt + ^B^(B)/^p^ - dB^^B)+i/dx, + [A,B^^b)] = 



hold for all i,j~l,m and s = 0, n{B) V n{B) + q, n{B) + 2. Assume now that the 
conditions (108) arc satisfied on Mx- Then, making the change C 3A ^ d/dr : 
H ^ H, T &R, one finds the following set of pure differential expressions 

(109) L,.) : =i|--^+^^(-;pW, 

n{B)+q 
s=0 



where matrices Ai, i — l,m, and Bg, s — 0, n{B) + q, don't depend on the variable 
T G K. By means operator expressions (109) one can now naturally construct a 
new differential complex related with that of (105): 
(110) 

H(^r) ^ A(MT,r;7^(,)) '^ A\MTy,n(^r)) ^ '^•^ ^ A2'"+2(Mt,.; W(,)) ^ 0, 

where, by definition, Hi^^) := C^{R"^+^;H^^-^), H(^) := L2{W^ x M^;C") and 



(111) rf£ :==dt AB(^) +^dpi AL,(^). 

i=l 

Owing to the condition (108) the following lemma holds. 

Lemma 6. The differential complex (110) is exact. 

Therefore, one can build the standard de Rham-Hodge-Skrypnik type Hilbert 
space decomposition 

fe=2m+2 , 

(112) HA{MT.r)-= (B H\{MT.r) 

as well the corresponding Hilbert-Schmidt rigging 

(113) Ha,+ (Mt,0 C Ha(Mt,0 C Ha,-(Mt,0- 

Making use now of the results obtained in subsection 1.5, one can define the 
Delsarte closed subspaces TCo(r) and 7io(T) C 7i(i-)-, related with the exact complex 
(110): 

(114) Hoir) ■■ ={<i(Oe<-(MT,r):L,MV';°;(C)=0, 

B(.)V';°!(e) - 0, ^;;:;(oir = o, ^;°;(ok=o - e^^^f (^) e Hi_{M^^,r), 

L.(A)Vf (^) - 0, e - (A; ry) e S : = C X 4")}, 



Br 



noir) ■■ ={<;(OeHA,-(MT,.):L;.^t)^[::j(0-0, 



L,(A)^f (77) - 0, e - (A;r7) e S : = C X 4"^}, 
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where F and F C Mt,t are some smooth hyper-surfaces. The similar expressions 
correspond to the adjoint closed subspaces Hg/^-, and 'Hq,^ C H* _ : 

(115) Ho(r) : ={<)(Oe<-(MT,.):L;(,)^[;:;(O = 0, 
L*(A)^f (r;) = 0, $ = (A; ry) G S : = C x 4™)}, 

wo(.) : = {^j°}(e) e h:(^_(Mt,.) : L,V)^ji:;(e) = 0, 

L*(A)^f(r;) = 0, C = (A; t?) G E : = C x 4"'}. 

Based on the closed subspaces (115) and (114), one can suitably build the Darboux 

type kernel n^t,x;r){v,0 e 4''^(4'"^ Q ® 4'''(4"^ Q, 77,^ G 4'"^ and further, 
the corresponding Delsarte transmutation mappings il± G B{H(^^^). Namely, as- 
sume that the following conditions 

(116) <!(e) := <!(e) • firt'p;.;^)^(*o.Po,xo;.) 
for any ^ G CxEj!"-^ hold, where 

f^(*,.;r)(M,a:= / i^j^7+^)[e-^^^(")(M),e^^^(")(7?)da;AdpAdi], 



(117) Z;^;"+^)[e-^-^(")(^),^e^-^(°)(Cw)AdrAdx A.dp,] 

rn 

: =dfiJ^")[e-^-^(")(^),^e^-^(0)(C(,))AdTAdx A dp,], 
and, similarly to (24), there holds the relationship 

m 

(118) < d^^(")(M)e"^^,*^e-^^Vi(")(e(,))(iiAdTAdx A dpj > 

m 

t—i 

m 

+dZ{^"+'^[^(")(/x)e-^",^ e^"^(°)(Cw)'i^ A dr A dx A. dp,], 

i— 1 

defining the exact (2m + l)-form Z,"'' ' G A^'"+-'^(Mt,t; C). Compute now the 
Delsarte transformed differential expressions 

(119) Lj(^) := r2^/j^Lj(^)fi(^)±, B(^) := r2(;^j^B(^)f2(^)± 



for any j — l,m, where, by definition. 
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(^2«) L^(^) ^ -'wro^^^'^ 



drc 

n(B)+q 



B(.) : ^d/dt- Y. M^X""^-' 



d 

s=0 



with all matrices Aj e EndC"\ j = l,m, and Bs G EndV , s = 0,n{B) + q, 
being constant. This means, in particular, the commuting relationships 

(121) [L,(,),L,(,)]=0, [£,(.),%)] =0 



hold for all i,j ~ l,m. Owing to the expressions (119) the induced commuting 
relationships 

(122) [L^(^),Lj(^)] =: 0, [Lj(^),B(^)] = 

evidently hold, coinciding exactly with relationships (108). Moreover, reducing 
our differential expressions (119) upon functional subspaces 'H(x) '■— e^^Ti-, A G C, 
one gets easily the set of affine differential expressions (104) and (107). Write 
down now the respectively reduced Delsarte transmutation operators 

Cl+ = if dp.mAf) I d/o.(™) (r7)^(°) 



c 

m 

(123) x/ Z(2™+i)[(^W(A:i.),(-)ydtAdx A dp,], 

•'S± ('^(t,p;x)''^(H0.P0;-0)-' »=1 

where GiJj^^ and ctL™!, .^ n G /C(Mt) are some 2m-dimensional closed singular 
simplexes, and by definition, 

m 

Z(2'"+i)[(^(0)(A;i.),y^(0)(A;?7(,))dtAdx A dp^] 

m 

: = Z;^2;^'+i)[e-^^^(")(A; v), ^ e^^^(°)(A; 7?(,))dT A di A dx A. dp,]Ur=o, 






(124) dfi(,,p^,)(A;z.,r7) := Z(2"+i)[^(o)(A; ;.), ^ ^(°)(A; ,7(,))dt A dx A. dp,], 

Z— 1 

since the (2m + l)-form (124) is owing to (118) also exact for any (\\v^r\) G 
C X (t^c" X T^c )• Thus, the operator expression (123) if apphed to the operators 
(120) reduced upon the functional subspace 'H{\) — H, A G C, gives rise to the 
differential expressions 

(125) Lj(A) :=n±^Lj(A)Jl± B(A) := f2±^B(A)fi±, 



where Lj(A)W(a) = Lj(r)W(A), B(A)H(a) = B(^)(A)H(a), 3 = 1,"^, coinciding with 
affine differential expressions (104) and (107). Concerning application of these re- 
sults to finding exact soliton like solutions to self-dual Yang-Mills equations (108), 
it is enough to mention that the relationship (116) reduced upon the subspace 
'H(X) — 7i, A G C, gives rise the following mapping: 

(126) V'(°nA;^) :=^(")(A;^)-f^(,^p,,)i^(t„,p„;.„), 
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where kernels l^(t,p;:.;r)(A;?7,0 e L\''{Y,'^"']C) ® L\''{T,'^"' \C), t],C e E^, for 
all {t,p;x) S Mt and A S C. Since the element ip'-^\X;rj) e H- for any (A; ^) e 
C X T}^ satisfies the set of differential equations 

(127) L,(A)V.(")(A;ry)=0, S(A)^(°)(A;,7) = 0, 



for all 2 = l,?7i, from (126) and (127) one finds easily exact expressions for the 
corresponding matrices Aj and Bs € C^i^ x M"+i; S'(M'"; SndC^)), j = L^, 
s = 0,n(i?) + q, satisfying the self-dual Yang-Mills equations (108). Thereby, the 
following theorem is stated. 

Theorem 7. The integral expressions (123) in Ti are the Delsarte transmuta- 
tion operators corresponding to the affine differential expressions (104), (^08) and 
constant operators 

(128) L,(A):=1^-A— +A, B(A) := 9/9* - V B.A"^^)-^ 

ovi oxi ^-^ 

for any A G C The mapping (126) realizes the isomorphisms between the closed 
subspaces 

(129) Ho : ={^(")(A;r7)eW_:d^(^)7A(")(A;r;)==0, ^W(A;,7)|,^o 

= Vr(r;) e H_, ^W(A;7?)|r = 0, (A; t?) e C x 4"^} 

and 

(130) Ho : ={^(°)(A;,7)eW_:4")^^^(A;,7) = 0, 7^(")(A;r;)|,=o 

= ^f (r7)ei/_, V;<°^(A;ry)|p-0,(A;ry)eCx4")} 

/or any parameter A G C Moreover, the expressions (126) generate the standard 
Darboux type transformations for the set of operators (128) and (104), (107) via 
the corresponding set of linear equations (127), thereby producing exact soliton-like 
solutions to the self-dual Yang-Mills equations (108). 

As a simple partial consequence from Theorem 3.2 one retrieves all of results 
obtained before in [43], where the Delsarte-Darboux mapping (126) was chosen 
completely a priori without any proof and motivation in the form of some affine 
gauge transformation. 

The results similar to the above can be with a minor change applied also to 
the affine differential de Rham-Hodge-Skrypnik complex (105) with the external 
differentiation (106), where 

^P' k=0 *^^' k=0 

n(B)+q 

(131) B(A) : ^d/dt- Y^ B,A"(■^)-^ 
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^' fc=0 ^ fe=0 

n(B)+q 

(132) B(A) : =d/dt- J2 S,A"(^)-% 



for j = 1, m, A G C. The case (131) was analyzed recently in [42] by means of the 

same afhne gauge transformation that there was used before in [43]. To the regret, 
the obtained there results are too complicated and unwieldy, thereby one needs 
to use more mathematically motivated, clear and less cumbersome techniques for 
finding Delsarte-Darboux transformations and related with them soliton-like exact 
solutions. 
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